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1 Preliminaries

1.1 Introduction

Folk theorems shed light on the role of social norms in long-term relationships and
the game-theoretic mechanisms that render such norms sustainable. In their seminal
work, Fudenberg and Maskin (1986) not only delineated conditions under which the
perfect folk theorem applies to infinitely repeated games with perfect monitoring,
but also pointed out inherent limitations of those conditions. Specifically, they noted
that sanctions against an individual player may be hard to implement if the set
of feasible and strictly individually rational payoff profiles is not full-dimensional.
Indeed, as they show with an example, the conclusion of the folk theorem can fail
in that case. Subsequent work by Abreu et al. (1994) further clarified the role of
the dimensionality assumption for the scope of the perfect folk theorem, highlighting
that effective sanctions presuppose that players’ payoff functions satisfy the NEU
condition, i.e., no two players possess equivalent utility functions. Building on this
observation, Wen (1994) introduced the notion of an effective minimaz value. This
led to a version of the folk theorem that applies to all finite stage games, i.e., even if
they do not satisfy NEU.!

While these contributions focus on enforcement of cooperation through unsuper-
vised equilibrium play, a complementary line of research examines how the intro-
duction of informational coordination can facilitate the implementation of socially
desirable outcomes. Thus, there has been an interest in understanding the implica-
tions of assuming that a central entity provides players with information or action

recommendations. By a mediator, we mean an (autonomous) device that commu-

IThe ability to penalize individual members of groups or alliances with closely aligned interests
can be socially beneficial in a wide range of settings. Examples include criminal organizations and
clans, oligarchic and kleptocratic elites, cartels, racketeering enterprises, and terrorist organizations.



nicates confidential messages to the players at each stage, just before decisions are
made (Aumann, 1974, 1987; Forges, 1986; Myerson, 1986). It is not hard to see
that mediation may have an impact on the set of implementable payoffs in repeated
games. For instance, with three or more players, mediation enables players enforcing
punishments to coordinate their actions, which may strictly lower the utility level
to which an individual player can be held (Hart, 1979; Renault and Tomala, 1998).
In the theory of infinitely repeated games, this corresponds to an expansion of the
set of penalty payoffs, down to the correlated minimax value. Along these lines, the
Nash folk theorem (where sequential rationality is not imposed at information sets
off the equilibrium path) extends to settings with mediated play in an essentially
straightforward way (Sorin, 1992, p. 86). However, to our knowledge, no correspond-
ing extension of the perfect folk theorem exists. Indeed, as pointed out by Sugaya and
Wolitzky (2021), combining mediation and sequential rationality in dynamic games
can lead to unexpected pitfalls. For instance, the revelation principle no longer holds
in general for the solution concept of sequential equilibrium.

The present paper takes this observation as motivation to revisit the idea of me-
diation in a framework that remains as close as possible to the standard model.
Specifically, in addition to perfect monitoring, we assume that messages are ex post
observable. Thus, all private messages sent by the mediator are publicly revealed
at the end of each stage. Moreover, we assume that the mediator is perfectly in-
formed about all prior (pure) action profiles, i.e., no input messages are required.
The resulting solution concept for repeated games, mediated subgame perfect equilib-
rium (MSPE), requires that, after any history, players’ behavioral strategies induce
conditionally optimal choices for every message profile received from the mediator at
that stage. This approach turns out to be well-behaved in several ways. We prove a

revelation principle for our solution concept and characterize the set of payoffs imple-



mentable as an MSPE for sufficiently patient players. We also show that mediation
can strictly expand the set of implementable payoff vectors.

While our key assumption, the ex post observability of messages, departs from
the main thrust of the literature on communication in dynamic games, it has two
notable benefits. First, assuming that mediation is ex post transparent allows us to
rely on subgame perfect equilibrium (Selten, 1965) as a solution concept and to keep
explicit modeling of beliefs at a minimum. Second, ex post observability also has
applied appeal: for instance, it is common in public administration, law enforcement,
procurement, and hierarchical relationships, where it has the potential to improve
accountability, reduce corruption, and foster trust. ex post observability may also
arise from inadvertent or opportunistic leaks of confidential information, which have

become harder to prevent in the digital era.?

1.2 Preview of results

The main results of this paper fall into four groups. First, we derive a revelation
principle for our solution concept. The principle says that, without loss of generality,
messages sent by the mediator can be assumed to convey recommendations for each
player to choose a specific pure action, and players are obedient in the sense that they
follow those recommendations (except possibly after recommendations that occur
with zero probability given the history). Forges (1986) observed that the classic
revelation principle extends with little change to multi-stage games. Indeed, a player
who is directly informed about the action she is supposed to choose at any on-path
information set is merely deprived of knowledge that is irrelevant for her decision.
Our proof draws from that very same intuition, but extends the analysis from Nash

equilibrium to subgame perfection. This extension requires two novel arguments.

2For an analysis of mechanism design with information leakage, see Hiifner et al. (2025).



First and foremost, because the canonical device may be in an informational state
that is limited compared to that of the original device, the canonical mechanism will
be assumed to compute conditional probabilities to recover the correct probability
distribution for randomized recommendations.® Second, to deal with subgames that
are reached by (counterfactual) deviations of the canonical device, we revert to a
correlated equilibrium. Along these lines, we expand the scope of the revelation
principle to reflect subgame perfect rationality in a large class of repeated games
with perfect monitoring.

Then, turning to conditions necessary for the implementability of a payoff profile

cor
3

as an MSPE, we introduce the notion of an effective correlated minimax value w
of player 7. To define the concept, one starts from a correlated action profile « in the
stage game, induced w.l.0.g. by a direct correlation device, and determines the highest
payoft that player ¢ could possibly realize from an alternative outcome of the stage

game in which either player i herself or some other player j # i with equivalent utility

has the discretion to deviate from the recommended action.* Then, minimizing over

cor
2

all a yields w$". This concept relates to existing concepts in a natural way. In games
with just two players, a player’s effective correlated minimax value coincides with
her reservation value. In games that satisfy NEU, the effective correlated minimax
value coincides with the correlated minimax value (Wen, 1994). We show that a
condition necessary for the implementability of a payoff profile as an MSPE is that
each player obtains at least her effective correlated minimax value. The proof of that

result crucially exploits the revelation principle.

3In Forges (1988, p. 197), the canonical mediator remains connected to the non-canonical device
and, as we explain in Section 6.2, the same assumption is made in Forges (1986, Prop. 1). Similarly,
in Sugaya and Wolitzky (2021), the mediator can send confidential messages to her future selves.
Sticking with our transparency assumption, however, we exclude such possibilities in the present
analysis.

4As usual, two players ¢ and j have equivalent utilities if player j’s utility is a positive affine
transformation of player i’s utility (Abreu et al., 1994).



We go on and derive sufficient conditions for implementability. An easy catch is
the adaptation of the perfect folk theorem of Friedman (1971) to allow for a correlated
equilibrium, rather than a Nash equilibrium, as a threat point. More interestingly,
we establish a perfect folk theorem with ex post observable mediation, where the
individual rationality condition takes the form that the expected discounted payoff
for each player strictly exceeds her effective correlated minimax value. From this
general result, alternative versions akin to the theorems of Fudenberg and Maskin
(1986, Thms. 1 & 2) and Abreu et al. (1994) are obtained as corollaries. The proof of
our main sufficient conditions follows established lines, with one important exception.
Specifically, given mediation, the reference to “ultimately dispensable” assumptions,
such as the observability of mixed actions and the access to a public randomization
device (Fudenberg and Maskin, 1986, p. 536), is not needed. Given that a rigorous
development of these topics remains technically demanding (Sorin, 1986; Fudenberg
and Maskin, 1991; Fudenberg et al., 2007), the ability to avoid them is, in our view,
an additional advantage of our approach. Overall, relative to the classic treatment,
the analysis of sufficient conditions achieves a substantial simplification.

Finally, we offer a discussion, covering various examples and extensions. We show
that Fudenberg and Maskin (1986, Ex. 3) is robust to the introduction of mediation
and, hence, to the introduction of a public randomization device. We present an
example that illustrates the need for internal confidential messages in the setup of
Forges (1986). We develop an analogue to Friedman’s (1971) folk theorem involving
correlated threats. And we review an example due to Forges et al. (1986), showing

that its implications matter also in our setup.



1.3 Related literature

Following the Nash reversion result by Friedman (1971), the seminal work on infinitely
repeated games and the folk theorem includes Aumann and Shapley (1976) and Ru-
binstein (1979). The present paper contributes to the “discounted payoffs approach”
(Fudenberg and Maskin, 1986; Abreu et al., 1994; Wen, 1994) that has been reviewed
above.”

The idea of mediation in game theory has its origin in the study of correlated
equilibrium (Aumann, 1974, 1987) and communication equilibria in one-shot games
(Myerson, 1982). These fundamental concepts have been extended to extensive-form
games by Forges (1986) and Myerson (1986).° None of those concepts, however, fea-
tures ex post observable messages. Closest in spirit to the present analysis is probably
Prokopovych and Smith (2004), who defined a subgame perfect correlated equilib-
rium. In contrast to our assumptions, however, mediator and players in their model
cannot condition their choices on messages exchanged in prior periods, but only on
the publicly observable history of action profiles.” Starting with Lehrer (1991) and
Matsushima (1991), the role of communication has been studied predominantly in
repeated games with private monitoring (Ben-Porath and Kahneman, 1996; Compte,
1998; Kandori and Matsushima, 1998).8 More recently, Sugaya and Wolitzky (2017,
2018) stressed the role of mediation under perfect monitoring for the determination

of the equilibrium set under imperfect private monitoring. In contrast to the present

SGossner and Tomala (2020) offer a succinct survey of the literature. For more comprehensive
accounts, see Sorin (1992), Mailath and Samuelson (2006), and Mertens et al. (2015).

5These and other extensions of correlated equilibrium to dynamic games have been surveyed by
von Stengel and Forges (2008, Sec. 2.4). See also Forges (2020) and references given there.

"Interestingly, in their conclusion, Prokopovych and Smith (2004) mention the possibility of
adding confidential messages to the public history, yet only as a means to implement public ran-
domization effects into their model, and without further elaborating on the implications of making
that assumption.

8See also Obara (2009), Cherry and Smith (2010), and Awaya and Krishna (2016).



study, Sugaya and Wolitzky (2017) assumed that messages are not ex post observ-
able. Therefore, in the minimax phase, only the mediator and the deviator know
that someone is minimaxed, while all the other players do not know that they are
minimaxing someone. As a result of their assumptions that differ from ours, the usual
full-dimensionality condition for the perfect monitoring folk theorem is not needed in
their analysis.’

The revelation principle for Nash equilibrium in multi-stage games appeared first
in Forges (1986). In contrast, Myerson (1986) assumed sequential rationality relative
to conditional probability systems, but did not include a formal statement of the
revelation principle. Townsend (1988) derived a revelation principle in a two-stage
insurance market. His model is one of pure adverse selection with ex post unobservable
messages. The mechanism sends internal messages to itself, and the second-stage
report in the canonical device concerns signals obtained in both stages (i.e., there
is the possibility to “confess”). His solution concept reflects optimizing behavior in
both stages conditional on beliefs, with posteriors determined by Bayes’ rule whenever
possible. A failure of the revelation principle for the e-perfect equilibrium was noted
by Dhillon and Mertens (1996). Prokopovych and Smith (2004) obtained a revelation
principle for subgame perfect correlated equilibrium. However, owing to their simpler
informational set-up, in which messages exchanged in prior periods are erased from the
public history, their proof is more straightforward than ours. The most comprehensive
analysis of the revelation principle in multi-stage games, allowing for both adverse

selection and moral hazard, is Sugaya and Wolitzky (2021). They showed that the

9The literature is divided regarding the plausibility of mediated play. Lehrer (1992, p. 175)
lauded correlated equilibrium as a solution concept “more attractive than Nash equilibrium.” In
line with this positive assessment, the role of third parties, such as trade associations or specialized
consultants, for collusion in oligopolistic markets and bid rigging in auctions has been acknowledged
by a number of contributions (Aoyagi, 2005; Rahman, 2014; Ortner et al., 2024). On the other hand,
Sugaya and Wolitzky (2017, p. 692) decided to “not take a position on the realism of allowing a
mediator,” and we take a similar stance in this paper.



communication revelation principle may fail for sequential equilibrium, whereas it
holds for conditional probability perfect Bayesian equilibrium.'® The main difference
from the present study is in the information structure. Specifically, messages are ex
post unobservable in their setting, whereas messages are ex post observable in our
setting. !

The full dimensionality condition introduced by Fudenberg and Maskin (1986,
Ex. 3) is not only relevant in the class of games considered in the present paper, but
also in other classes of games such as finitely repeated games (Benoit and Krishna,
1985), OLG models (Kandori, 1992; Smith, 1995), and infinitely repeated games with
random matching (Deb et al., 2020). The NEU condition is strictly less stringent
(Abreu et al., 1994). More recently, Sekiguchi (2022) pointed out that the conclu-
sion of the perfect folk theorem can be obtained in games in which all players have
equivalent utilities when monitoring is both endogenous and unobservable.

The correlated minimax value appeared in Renault and Tomala (1998, 2011),
Tomala (1999, 2009, 2013), Gossner and Hérner (2010), Laclau (2014), and Bavly
and Peretz (2019). Renault and Tomala (2011, Ex. 2.7) illustrated the fact that the
correlated minimax may be strictly lower than the minimax. However, their example
does not feature common interests. More generally, communication allows players to

depress a deviator’s payoff below the minimax value (Gossner and Tomala, 2007).

1.4 Overview

The rest of the paper is structured as follows. Section 2 introduces infinitely repeated

games with mediation. The revelation principle is established in Section 3. Section

10See also the discussion in Makris and Renou (2023).

1 Notably, making messages ex post observable is feasible in Sugaya and Wolitzky (2021) as well.
For that, the mediator would send carbon copies of the messages to herself and publish those in the
subsequent period. While interesting, that observation unfortunately does not simplify our proofs.



4 derives necessary conditions, while Section 5 deals with sufficient conditions. A
discussion can be found in Section 6. Section 7 concludes. Technical proofs are

relegated to an Appendix.

2 Infinitely repeated games with mediation

This section prepares the main analysis. We first introduce our equilibrium concept

(Section 2.1), and then derive its basic properties (Section 2.2).

2.1 Mediated subgame perfect equilibrium (MSPE)

For a finite set of players N = {1,2,...,n}, let G = {A;,u;}ien be a stage game,
where for each player ¢ € N, A; is the finite set of player i’s actions, and u; : A =
X,en Ai = R is player s payoff function. At any stage t € {0,1,2,...}, each player
i chooses an action al € A;. Let M; denote the finite, nonempty set of messages for

player i. By a history (of length t), we mean a finite sequence
h=h'"=m°a%m' a';...;mt a™h), (1)

where, for any 7 € {0,...,t — 1}, m™ € M = X_._.. M, is a profile of messages, and

iEN
a” € Ais a profile of actions. The set of histories will be denoted by H, where h° = &
is the initial history. A device is a commitment pu : H — A(M),"? and we denote
by u(-|h) and pu;(- | h), respectively, the probability distributions over m = m' and
m; = m} at history h. A pair (h,m;) with a history h € H and a message m; € M;
will be called an information set for player ¢. Let I; denote the set of player i’s

information sets. While these definitions already capture our main assumption, we

repeat it here for clarity:

Assumption (ex post transparency of mediation). At each staget € {0,1,...},

12For any finite set X, we denote by A(X) the set of probability distributions on X.

10



(i) the device cannot condition its recommendation profile on any information other

than ht, and
(i1) each player i’s information consists of h* and m!.

Thus, the device cannot send confidential messages to its future selves (or, in any
case, not make use of them), and any private message communicated in some stage
is made public by the beginning of the next stage.

A system of beliefs [ specifies a mapping f; : I; = A(M_;) for each i € N, where
Bi(- | h,m;) € A(M_;) denotes the belief over m_; at the information set (h,m;)."> A
behavior strategy for player i is a mapping o; : I; — A(A4;), with o;(- | h, m;) denoting
the probability distribution over player i’s actions a; € A; at (h,m;). Let ¥; be the

set of behavior strategies for player 7, and ¥ = X._. »;. Given an information set

ieEN
(h,m;) € I;, the conditional distribution f5;(-|h,m;) € A(M_;), a device p : H —
A(M), and a profile of behavior strategies o € X, the mediated interaction of the
players induces a distribution over conditional outcomes {(m™,a”)}>2,."* Let ¢ €

(0,1) denote the discount factor. Then, after normalization, player i’s continuation

payoff at the information set (h,m;) is given as
Ui(o|h,m) =B |(1—6) Y 6"u;(@*7) ],
=0
where we suppress the dependence on p and 5. Similarly, we let

Ui(o) = Y pa(m{ | h°) Ui(o | B°,m).
m?EMi

denote player i’s expected discounted payoff. This defines the infinitely repeated game

with mediation.

13 As usual, the index —i refers to the tuple of elements with index j # i.

MFormally, in line with the history h, let (m7,a”) = (m7,a"), for any 7 € {0,...,t—1}. Then, let
m; = m;, draw m' ; according to B;(- | h,m;), and draw @} according to o;(- | h,m}), for any j € N.
Finally, for any stage 7 € {t + 1, + 2, ...}, we construct the history h™ = (m°,a%...;m™" a" 1),
draw m7 according to u(- | h”), and draw a; according to o;(- | h7, m}), for any j € N.

11



Definition 1. A mediated subgame perfect equilibrium (MSPE) is a triple (p, o, 3)

such that:

(i) Ui(o|h,m;) > Ui(ol,0_;| h,m;), for any player i € N, any information set

(h,m;) € I; and any behavior strategy o, € ¥;;

(ii) Bi(-|h,m;) is derived from p(- | h) € A(M) via Bayes’ rule,"> for any player

i € N and any information set (h,m;) € I; such that u;(m;|h) > 0.

We emphasize that the set of messages M; for each player is part of the MSPE rather

than exogenously given. The following example illustrates the MSPE concept.!®

L R
T 6,6 2,7
B 7,2 0,0

Figure 1: Using a correlated threat

Example 1. Consider the game G' shown in Figure 1. As long as no deviation
occurs, the mediator recommends (T,L) and (T, R) with equal probability %, leading
to the payoff profile (4,6.5). If a deviation occurs, the mediator recommends (T, R)
with probability %, and (B, L) with probability %, leading to the Pareto inferior payoff
profile (3,6). Hence, for 0 sufficiently close to one, we have an MSPE.

Generalizing from the example above, one can derive a perfect folk theorem that uses

correlated equilibria as threat points. See Section 6.

Ble., Bi(m—; | hym;) = p(m;,m_; | h)/ui(m; | h) for all m_; € M_,.
16For a richer illustration that uses private messages, see Example 3 below.

12



2.2 Basic properties of MSPE

Recall that, by definition, a public correlation device makes an independent draw from
the unit interval at the start of each stage t € {0,1,...} (Hart, 1979). The following

lemma collects a few simple consequences of our equilibrium concept.
Lemma 1. The MSPE solution concept has the following properties:
(i) The one-stage deviation principle applies.

(i) Any subgame-perfect public randomization equilibrium is an MSPE (but not vice

versa,).

(iii) The unconditional repetition of any correlated equilibrium of the stage game is

an MSPE.
(iv) An MSPE exists.
Proof. See Appendix A.1. n

By part (i), the sequential rationality requirement in Definition 1 can be conveniently
checked by considering changes of a behavior strategy at single information sets only.
Part (ii) is immediate for any SPE without public randomization, by assuming a triv-
ial message structure (i.e., all message spaces are singletons). The fact that also any
SPE with a public randomization device can be understood as an MSPE requires a
proof, however. Indeed, while the device can send only finitely many messages, the
public randomization device admits an uncountably infinite number of messages. For
games in strategic form, this additional flexibility can be seen to be of little value by
a reference to Carathéodory’s Theorem (e.g., Rockafellar, 1970). Indeed, any distri-
bution over payoff profiles induced by a continuum signal can be replaced, without

affecting the expectation, by a distribution with finite support, hence by finitely many

13



messages. In the Appendix, we offer a refined argument valid for infinitely repeated
games. Part (iii) is again essentially immediate. However, to ensure sequential ra-
tionality at an information set that corresponds to an action a; unused at a history
h, we assume that the respective player ¢ selects another action a; used with positive
probability at h, and holds the same belief and chooses the same action as if she had
been recommended to play a; rather than a;. Finally, recalling that any stage game

admits a correlated equilibrium (Hart and Schmeidler, 1989), one obtains part (iv).

3 A revelation principle

In this section, we derive a revelation principle for MSPE. As mentioned before, the
revelation principle enters the derivation of necessary conditions for the folk theorem.
However, given the recent findings by Sugaya and Wolitzky (2021), it might also be

of independent interest.
Definition 2. An MSPE (u, 0, () is called canonical if
(i) M; = A;, for everyi € N, and

(i) for any history h € H and any message profile m € M such that p(m|h) > 0,
the mized action o;(- | h,m;) € A(A;) assigns probability one to a; = m;, for

any i € N.

The first condition characterizes the device as direct, while the second condition re-
quires all players to be obedient. It should be noted that Definition 2 does not require
player i’s obedience in response to a message m; that arises with probability zero

given a history h.'7

17"This avoids, in particular, that players choose strictly dominated actions after a malfunction of
the device.

14



In a canonical MSPE, any history of length ¢ is of the form

where a] € A; is the action recommended for player ¢ at stage 7, and a] € A; is the
action actually chosen by player i in stage 7, for any 7 € {0,...,t—1}. In a canonical
MSPE, any deviation from the recommended action profile is detectable at the end
of the stage where both the recommendation and the chosen profile become public
information. As usual, an outcome is a probability distribution over paths of play in

the infinitely repeated game.

Theorem 1 (Revelation Principle). For any MSPE, there exists an outcome-

equivalent MSPFE that is canonical.
Proof. See Appendix A.2. O

Thus, it is w.l.o.g. to assume that, for each player ¢ € N, the set of messages M;
corresponds in a one-to-one fashion to the set of actions A;, and player i’s behavior
strategy o; reflects obedience in the sense explained above.

The proof of Theorem 1 proceeds conceptually in three steps, each of which con-
structs an MSPE (or some generalization of it) that is outcome-equivalent to the

original MSPE:

Step 1 An augmented device complements the private message m; sent to player i at
stage t by including a recommended pure action a;. If a; is consistent both with
m; and with equilibrium play in the original MSPE (conditional on reaching
the history), then player ¢ inherits the belief from the original MSPE and is
obedient. If, however, a; is not consistent in this way, then the recommendation

(but not the message) is interpreted as a tremble and player i’s belief and choice

15



Step 2

Step 3

are as if she had received some recommendation consistent with m;.'® Both the
device and the players ignore recommendations that have been made in earlier

stages. In the augmented MSPE, all players play pure strategies.

A further refinement of the device reports only the recommended action a; to
player 7, for all : € N. Thus, the message m; is no longer communicated to player
1. However, to allow keeping the law governing the distribution of messages in
later periods, the profile of messages m is still communicated confidentially
to all the future selves of the device. As such “internal” messages are not
allowed under our definition of MSPE, this requires a strict generalization of
the equilibrium concept. If the recommended action is on-path given the history,
players are obedient. Indeed, this is sequentially rational because (i) players are
merely deprived of information not relevant for them, i.e., they know less just
as in Forges (1986), and (ii) players assign probability zero to trembles unless
they have evidence to the opposite. If the recommended action is off-path given
the history, the recommended action is interpreted as a tremble and player ¢’s
belief and choice is as if she had received some recommendation in the support

of the on-path distribution.

A canonical device does away with the confidential messages from earlier selves
by speculating, in a Bayesian fashion, over the message profiles in the original
MSPE. If there is no evidence that one of its earlier selves of the device trembled,
i.e., if no earlier self of the device made a recommendation of probability zero
under its own rule, this allows the canonical device to replicate the randomized
recommendation profile without making use of the confidential messages. If,

however, the device realizes that one of its earlier selves trembled, it recommends

18This trick has been used in the proof of Lemma 1 already.

16



an arbitrary correlated equilibrium o* € A(A).* Player i is obedient unless she
has evidence that the current device trembles, in which case she interprets the
unexpected recommendation as a tremble, dealing with the situation as above

by assuming belief and choice from some on-path recommendation.

These steps establish the revelation principle for MSPE. Step 1 is a simple but im-
portant “purification” argument. Step 2 is familiar from the proof of the revelation
principle for extensive-form correlated equilibrium (Forges, 1986, Prop. 1). Step 3
is needed in our framework because the MSPE does not allow the mediator to keep
information undisclosed across stages. The reason why Step 3 is dispensable in the
analysis of extensive-form correlated equilibrium is illustrated with an example in
Appendix 6.2.

Sugaya and Wolitzky (2021, Online Appendix, pp. 81-87) established a commu-
nication revelation principle for finitely repeated multi-stage games with pure moral
hazard. In contrast to the present setting, however, they allow for undisclosed forms
of mediation, i.e., they assume that the mediator’s messages in later stages can be
based on private information from earlier stages that is not accessible to the players.
Specifically, in their setting, the mediator is able to condition its messages in some
stage on any “fictitious message” created by herself through private randomization in
some earlier stage. This is feasible under their assumptions because the mediator can
send private messages to itself, i.e., can keep a hidden record of information that may
serve as a basis for later recommendations. In our setting, however, the device cannot
condition on private information it held in earlier stages. As a result, we cannot make

direct use of Sugaya and Wolitzky (2021, Prop. 4) in our proof of Theorem 1.

19 Alternatively, the device could be programmed to “reset” itself in such a case, by erasing its
inconsistent history and starting from scratch.

17



4 Necessary conditions

This section derives conditions necessary for a payoff profile to be implementable as
an MSPE. We first recall the definition of various minimax values (Section 4.1), and

then discuss effective minimax values (Section 4.2).

4.1 Minimax values

Let G = {A;, u; }ien be an arbitrary finite game, and ¢ € N be a player. Then, player

i’s independent minimax value is defined as

ind :
v = min max E,_,[u;(a;, a_;)],
a—i€X; 4 A(Aj) a;i€A;

where E,,_.[-] denotes the expectation with respect to the profile of mixed actions «_;.

Similarly, player i’s correlated minimax value is defined as

cor

i = min max Ea_ [uz’(ai; a—i)]7

! o EA(X;4; Aj) ai€A; ’

It follows from the definitions that vf°* < v}, with equality if n = 2. For n > 3
players, however, the ability to correlate sanctions may allow the opponents of player
¢ to hold her expected payoff strictly below the independent minimax payoff, so that
vf°r < vi™ becomes a possibility (Hart, 1979; Renault and Tomala, 1998).

Using these definitions, we can easily state the following necessary conditions for

implementability.

Lemma 2. Let U;(0) be the expected discounted payoff resulting for player i € N
from an MSPE (SPE). Then, U;(c) > v (U;(o) > vi*?).

Proof. See Appendix A.3. m

While Lemma 2 offers a lower bound on the payoff implementable by an MSPE, this

bound can be further improved in certain games. This will be discussed next.
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4.2 Effective minimax values

Let G = {A;, u;}sen be an arbitrary finite game, as before. Recall that two players
i,7 € N have equivalent utilities, formally ¢ ~ 7, if there exist scalars ¢, d such that
d > 0 and u;(a) = ¢+ duj(a) for all a € A (Abreu et al., 1994). The game G satisfies
NEU if no pair of distinct players has equivalent utilities. Following Wen (1994), let

player i’s effective independent minimaz value be defined as

w;‘nd et m]n maX max Ea_]‘ [U’Z(d]7 a_J)]’
Q€X ey A(Ay) ,t]GN _ GjEA;
s.t. ji

where a_; = (y)jz . It can be readily verified that this value coincides with the
independent minimax value vi™ if G satisfies the NEU condition. Indeed, the maxi-
mization over the equivalence class of player 4 is trivial in this case.?’ If G does not
satisfy the NEU condition, however, then there may be some player j equivalent to ¢
that is able to raise her and therefore ¢’s utility even more against any joint minimax
action profile a, so that we have, in general, only v}*® < wi®d. In fact, a well-known
example by Fudenberg and Maskin (1986) shows precisely that this inequality can be
strict if NEU does not hold, i.e., players cannot, in general, be held down to their
independent minimax values in such games.?!

In analogy to the development above, we introduce the following variant of the
correlated minimax value. Let player ¢’s effective correlated minimax value be defined

as

cor . “
w = min max E, |max E,|u;(a;,a_;)|a;
aEA(A)  jEN U |ajeA, ol ui( g J)‘ y] )

s.t. gt

20Further, as pointed out by Smith (1995), if n = 2, one may assume without loss of generality
that u; = ug, in which case wit? = wi*® = max{vird ¢ind}

21Fudenberg and Maskin (1986) concluded from their example that the dimensionality assumption
cannot be dispensed with in their statement of the perfect folk theorem. Strictly speaking, however,
this conclusion would require to show that, even using a public randomization device, no player i
can be held down to v;nd. In Section 6, we show that this is indeed the case for their example (but

not in general).
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where a; denotes the marginal distribution of a on A;, and the inner expectation is
conditional on aj;, i.e., on the j’s component of the realization of o.?> The following

lemma collects some basic properties of effective minimax values.

Lemma 3. Let G = {A;,u;}ien be an arbitrary finite game, and i € N. Then, the

following holds true:

(i) The minimaz values and effective minimaz values introduced above satisfy

(i1) If G satisfies NEU, then v}™ = w™® and v§°" = wg°r.

A 7 - %

(i11) If n =2, then v}™ = v and W™ = wir.

Proof. See Appendix A.4. ]

The horizontal inequalities in part (i) say that any player’s effective minimax payoff
is weakly larger than her minimax payoff, not only in the independent case discussed
above, but also in the correlated case. The vertical inequalities say that correlation
may allow to depress the minimax payoffs. All four inequalities may be strict, as will
be explained later in the paper.?® By part (ii), the horizontal inequalities are equalities
if G satisfies NEU. Similarly, by part (iii), the vertical inequalities are equalities if

n = 2.

22Here and below, we use the following convention: If the marginal distribution aj assigns prob-
ability zero to some action a; € A;, then the conditional expectation Eq[u;(d;,a—;)| a;] is replaced
by the unconditional expectation E,,_[u;(d;,a_;)]. In fact, any alternative convention delivers the
same value because the outer expectation gives weight zero to such a;.

231n particular, an example with v§°T < wfT < wi™ is presented as Lemma 4(ii).

i
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Using the concepts introduced above, we can strengthen the conclusions of Lemma

2 as follows.

Theorem 2 (Necessary Conditions). If U} is the expected discounted payoff resulting
for player i from an MSPE (SPE), then U} > w§™ (UF > wi?).

Proof. See Appendix A.5. n

The bracketed claim, due to Wen (1994), is based on the intuition that player ¢’s payoff

ind
)

cannot be depressed strictly below w® if there is another player j with equivalent
utility who can avert this outcome. The proof of the unbracketed claim of Theorem
2 requires an additional step. Specifically, one notes that, by the revelation principle,
the mediator gives, w.l.o.g., recommendations in the form of pure actions. Therefore,
the stage payoff of the “most fortunate deviator” boils down to the effective correlated

minimax value.

5 Sufficient conditions

Given the concepts developed in the previous sections, the derivation of a perfect folk
theorem in the tradition of Wen (1994), yet with mediation, becomes straightforward.
As usual, the set of feasible payoff vectors V' is the convex hull of {(u1(a), ..., u,(a)) :
a€ A}

Theorem 3. For anyv € V such that v; > w* (v; > w;i®) for alli € N, there exists
0 € (0,1) such that for all § € (8,1), there exists an MSPE (SPE with observability of
mized actions®®) in the infinitely repeated game in which player i’s expected discounted

payoff is v; for alli € N.

24The MSPE does not assume that mixed actions are observable. However, as pointed out by
Fudenberg et al. (2007, Fn. 10), the sufficient conditions in Wen (1994) crucially depend on that
assumption. We therefore make this dependence explicit in the bracketed case.
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Proof. See Appendix A.6. O

The proof of Theorem 3 follows the steps of the corresponding result, Wen (1994,
Thm. 2), for SPE reported above in brackets. The main change in the statement of
the result is that the effective independent minimax value is replaced by the effective
correlated minimax.

There is an important distinction in the proof, however. To derive sufficient condi-
tions for the folk theorem under perfect monitoring, Wen (1994) imposed simplifying
assumptions that (i) players have access to a public randomization device, and that
(i) mixed actions are ex post observable. While a follow-up paper (Wen, 2002) seems
to explain why these assumptions are ultimately dispensable for sufficiently patient
players, the corresponding proofs are somewhat deep and spread out over multiple pa-
pers. Indeed, to replace public and private randomizations by deterministic sequences
of pure actions, three techniques are employed. First, a time-averaging argument is
used to represent arbitrary feasible payoff profiles as discounted averages of pure-
strategy outcomes (Sorin, 1986). Second, cycling over action profiles is used to keep
incentives from one-shot deviations small (Fudenberg and Maskin, 1991). Third and
finally, a form of long-term accounting is used to make players truly indifferent be-
tween pure actions during the minimax phase (Fudenberg and Maskin, 1986, Sect. 6).
While, to our understanding, all of these arguments are important and reflect con-
siderations that arise similarly in real-world applications, the literature has tended
to treat them as a black box, thereby obfuscating the precise relationship between
necessary and sufficient conditions. Notably, allowing for mediation makes those ar-
guments obsolete. Indeed, the reference to ultimately dispensable assumptions is

absent from the proof of the non-bracketed part of Theorem 3.2° Given Lemma 2,

25Mediation also circumvents pitfalls that have been identified in the use of public randomization
in asymmetric settings (Olszewski, 1998) and in limits (Yamamoto, 2010).
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the NEU assumption obviates the need for working with the effective minimax value.
The following version of the folk theorem with mediation is an analogue to Abreu

et al. (1994, Thm. 1).

Corollary 1. Suppose that NEU holds. Then, any v € V' such that v; > v$* (v; >
vi*) for all i € N is an MSPE (SPE) payoff profile in the infinitely repeated game

when players are sufficiently patient.
Proof. Immediate from Theorem 3 and Lemma 3(ii). O

Finally, we turn to two-player games. Mediation does not affect the set of SPE payoffs

in two-player games.

Corollary 2. Suppose that n = 2. Then, any v € V such that v; > v}*® for alli € N
is an MSPE (or SPE) payoff profile in the infinitely repeated game when players are

sufficiently patient.
Proof. See Appendix A.7. O

Forges et al. (1986) presented an example of a game showing that the strict inequality
v; > v cannot be simply replaced by a weak inequality in the statement of the
standard perfect folk theorem without losing the conclusion. The same example
shows that, also in Theorem 3 and Corollary 1, the strict inequality is needed, i.e.,

v; > v°t. See Section 6.4.

6 Discussion

This section presents additional findings related to the MSPE concept.
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6.1 The example of Fudenberg and Maskin (1986)

Many of the results of this paper can be illustrated with the help of the game G?(r)
shown in Figure 2. For r = 1, this game corresponds to Fudenberg and Maskin (1986,

Ex. 3). Regardless of r > 0, we have v} = vf°* = 0, for each player i € N. Indeed, if

ind —
two players decide to choose different pure actions, then the payoff of the third player

is held down to zero.
Lemma 4. Consider the family of games G*(r).
(i) If r =1, we have w{** = wi™ = 1, for eachi € N.
(i) Forr >0, r # 1, we have wi < wi™, for each i € N.
Proof. See Appendices A.8 and A.9. O

The fact that w*® = 1 for r = 1 is due to Fudenberg and Maskin (1986).?° The

I,

statement that w§°® = ; for r = 1 is considerably stronger. It says that, even in the

i =

presence of mediation, it is not feasible to lower any player’s payoff to less than ;11.

This fact has a corollary, which we state separately for clarity.

F S
F S F S
F[rrr]0,0,0 F[0,0,0]0,0,0
S [0,0,00,0,0 S [0,0,0]1,1,1

Figure 2: The game G*(r)

Corollary 3. Fudenberg and Maskin (1986, Ex. 3) is robust with respect to the in-

troduction of a public randomization device.

26We briefly recall the proof. Let «; denote the probability that player i chooses F. Then, w.l.o.g.,
a1 > ag > as. Ifag > %, then player 3 has a payoff of at least i from choosing F. Otherwise, i.e., if
ag < %, then player 1 has a payoff of at least % from choosing S. Conversely, if a1 = as = a3 = %,
then all players obtain a payoff of i.
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Proof. Given that mediation is more flexible than access to public randomization

(cf. Lemma 1(ii)), the claim follows from Lemma 4(i). O

Thus, even if public randomization is allowed, the conclusion of the perfect folk
theorem for games with n > 3 players may become invalid if the set of feasible payoff
vectors is of a dimension strictly lower than n. This may be of interest because the
perfect folk theorem has often been presented under the simplifying assumption that
players have access to a public randomization device. In this sense, Corollary 3 closes
a potentially important gap in the literature.

The proof of part (i) exploits the double symmetry of G*(1). Indeed, players have
identical payoffs, while payoffs are invariant under a simultaneous renaming of the
actions for all players. Another observation used in the proof is the fact that the
maximum of linear functions is convex. Combining these two observations, one may
compute the effective correlated minimax by restricting attention to doubly symmetric
probability distributions over pure action profiles. The thereby restricted problem,
however, is tractable, recovering the uniform distribution as its unique solution.?”

Part (ii) of Lemma 4 shows that the set of implementable payoff vectors may be
strictly larger if players’” actions are orchestrated by a mediator. The example shows
that mediation can facilitate equilibrium play and can be sustained with less patience
from players because of the harsher punishments feasible via coordinated sanctions.
Additional payoff profiles implementable as an MSPE but not as a SPE may require
the prospect of lower payoffs for players within an equivalence class, while benefiting
players outside that equivalence class. Therefore, the feasibility of wf** < wi™? for
some player 7 established above implies that ex post observable mediation can indeed

be an effective instrument in the implementation of social norms.

2"Lemma 4 may also help to see why a dimensionality assumption is imposed in Tomala (2009,
Thm. 4.4).
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6.2 On the Revelation Principle for Extensive Form Corre-
lated Equilibrium

This section elaborates on the revelation principle for extensive-form correlated equi-
librium. In Forges (1986), the use of a canonical device can be assumed without loss
of generality because players interacting with it receive less information, and there-
fore have fewer ways to deviate. The proof provided in the paper does not explicitly
discuss the point, however, that the device also receives less information if replaced
by a canonical version.?® In the example below, the device proposes one of two mixed
Nash equilibria in the first stage. Since the two equilibria have identical support,
the information regarding the equilibrium recommendation gets partly lost when the
players receive direct messages, information only about their pure choices. A canon-
ical device without internal memory might then lack sufficiently precise information
that would allow it to make recommendations in the same as in the non-canonical
setup. The example therefore illustrates the point in Forges et al. (1986) that the
multiple selves of the device need to be “connected,” i.e., earlier selves can send confi-
dential messages to their future selves. The example also illustrates the fact that the
ability to communicate confidential messages is stronger than the assumption that

future selves have perfect recall of messages sent in prior periods.

Example 2. There are three players, n = 1,2,3, and two stagest = 1,2. Players 1
and 2 make their choices at stage t = 1, player 3 makes her choice at stage t = 2.
There are no moves of nature. Neither player 8 nor the device can observe the choices

made at stage t = 1 by players 1 and 2. Payoffs in the resulting two-stage G* are

28Neither does it discuss explicitly the “purification” argument, which corresponds to Step 1 in
the proof of Theorem 1.
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gwen as follows:

£y L B
| L R L R | L R
T11,20 0,00 2,1,0 0,0,12 T 1 —-1,0 —1,-1,9
B10,0,12 2,1,0 0,0,0 1,2,0 B -1,9 —1,-1,0

Player 1 chooses rows, player 2 chooses columns, and player 3 chooses bozes.

Consider the following extensive-form correlated equilibrium:

o At stage t = 1, the device sends messages e; and ey with equal probability.

These messages are observed only by players 1 and 2.

e Upon observing e, players 1 and 2 play (%T + %B, %L + %R), which is a Nash

equilibrium between the two players if player 3 chooses Ej.

e Upon observing e, players 1 and 2 play (%T + %B, %L + %R), which is a Nash

equilibrium between the two players if player 3 chooses Es.

e At stage t = 2, the device recalls its earlier message (either e; or e;) and informs
player 3 correspondingly. Player 3 chooses F; if the message is e;, and Fj if

the message is es.

This is optimal for her if players 1 and 2 adhere to their

: 4 5
strategies, because 12- 5 > 9 - 2

This equilibrium is not canonical. Now suppose that players 1 and 2 are merely told
at stage t = 1 which pure strategies they are supposed to play.
recalls only which of the four pairs (7, L), (T, R), (B, L), and (B, R) it recommended

in stage t = 1. The respective probabilities are

Conditional on e;

Conditional on ey Aggregate

Then the device



If now the device would not inform player 3 what do do, she would find it optimal to
respond with Fj3, breaking the equilibrium. By the definition of a canonical device,
it is not allowed to give a recommendation, at stage ¢t = 1 to player 3, because she
moves at stage t = 2 only. So, also in the case of the extensive form correlated equi-
librium, the device needs to apply Bayes’ rule to come up with the correct conditional

probabilities before recommending actions to player 3.

6.3 Correlated threats

The following result is an analogue to Friedman’s (1971) perfect folk theorem for

MSPE, obtained in straightforward generalization of Example 1.

Theorem 4. Let a* € A(A) be a correlated equilibrium (Nash equilibrium) in the
stage game G, with payoff profile w* € R™. Then, any feasible payoff profile that
strictly dominates u* in the Pareto sense results from an MSPE (SPE) for § suffi-

ciently close to one.

Proof. The bracketed claim is due to Friedman (1971). The non-bracketed claim

follows from Lemma 1. O

The following example illustrates Theorem 4.

L C R
T ~1,6 7.4 —2,0
M 1,1 1,3 5,5
B 6,6 3,2 4,9

Figure 3: Using a correlated threat
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Example 3. Consider the game G* in Figure 3. Suppose that, on the equilibrium
path, the mediator recommends (B, R) in every stage, which yields the payoff profile
U* = (4,9). If player 1 deviates, however, the mediator reverts to the correlated

equilibrium o € A(A), defined by

a(T,C)= 3, o(T,R) =2, aMC)=%, oMR)=E

147 147

T

15, we have

which yields a continuation payoff of % < 4 for player 1. Hence, for § >
an MSPE.*

6.4 The example of Forges et al. (1986)

Finally, we revisit an example that has been used to explain why sufficient conditions

for folk theorems commonly require strict individual rationality for all players.

Example 4. Consider the stage game G° shown in Figure 4. As before, player 1
chooses rows, player 2 columns, and player 3 matrices. The payoff profile v = (1,0, 0)
is feasible by alternating between (F,F,F) and (S,S,S). Moreover, v}** =0 fori €
{1,2,3}.3° However, v is not implementable as an SPE (even if public randomization

is available).3!

Turning to the possibility of mediation, the very same arguments show that v{°* = 0

for i € {1,2,3} and that (1,0,0) cannot be implemented as an MSPE either. The

consideration of effective minimax values is obsolete as a consequence of Lemma 3(ii)

29U* cannot be enforced by a Nash threat. Indeed, G' has a unique Nash equilibrium, namely
(M, R), yielding the payoff profile (5,5). Further, U* is not a correlated-equilibrium payoff either.

30Indeed, players 2 and 3 may hold player 1’s payoff down to zero by choosing a; = S and a3 = F,
while player 1 always has a nonnegative payoff. Similarly, players 1 and 3 may hold player 2’s payoff
down to zero by choosing a; = F and a3 = S, while player 2 may choose her weakly dominant action
as = F to ensure a nonnegative payoff. Finally, players 1 and 2 may hold player 3’s payoff down to
zero by choosing a; = F and as = S, while player 3 may choose her weakly dominant action az = S
to ensure a nonnegative payoff.

3ndeed, if a; = a3 = F (a1 = az = S) is anticipated with positive probability at some stage,
then player 2 (player 3) could realize a strictly positive payoff by choosing as = F (a3 = S) in the
first such stage, and choosing her weakly dominant action in all subsequent stages.
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F S F S
F|1l, 1,-110, 0, O F|0 0, 0[0, 00
S|{0,0 00, 0,0 S|0,0 01,—-1, 1

Figure 4: The game G°

because G° satisfies NEU. Thus, mediation does not obviate the need for the strictness

assumption.

7 Concluding remarks

Enforcing sanctions against an individual player is more challenging when some or
all of the involved players share equivalent utilities. We show that ex post observable
mediation cannot, in general, resolve that challenge. However, we also identify specific
scenarios in which mediation strengthens the impact of sanctions. In those cases, ex
post observable mediation makes punishments more effective and better coordinated,
with potential benefit to society at large.

Another contribution of this paper may be found in the simplification of standard
theory. Indeed, the use of the MSPE solution concept lets us dispense with auxiliary
assumptions such as the observability of mixed actions.

Finally, although we introduced the MSPE for repeated games with perfect mon-
itoring, the concept appears to be more flexible. Specifically, we expect that the
approach extends in a largly straightforward way to finitely repeated games, settings
with imperfect public monitoring, the theory of coarse correlated equilibrium, and
general extensive-form games. Given restrictions in space, we leave these extensions

for future work.
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A Appendix

This appendix contains material omitted from the body of the paper.

A.1 Proof of Lemma 1

(i) Take any triple (u,o, ), and suppose that, for any player i € N, and any of
her information sets (h,m;) € I;, replacing o; by the modified behavior strategy o
that is obtained from o; by replacing the mixed action o;(- | h,m;) € A(A;) by the
pure action a; € A; does not raise player i’s continuation payoff, i.e., U;(o;,0_; |
h,m;) > Ui(ol,0-; | hym;). Thus, the deviating strategy o) differs from o; only at
the information set (h,m;). If o_; is considered exogenous for the moment, then each
information set (h, m;) € I; starts a new subgame in the one-player game. By the one-
stage deviation principle for infinite multi-stage games with discounting (Fudenberg
and Tirole, 1991), o; induces a best response in any subgame. Therefore, o; induces
a best response at any stage t. As the choice of the player ¢ was arbitrary, this proves

the claim.

(i) Let 6" € [0,1] denote the public signal drawn in stage ¢ € {0,1,...}. Focus on
stage t = 0. For any signal §° € [0, 1], the SPE in the repeated game induces a payoff
vector u(0°) € R™. Let U C R™ denote the resulting set of payoff vectors. Clearly,
the SPE payoff profile satisfies u* = E[u(0°)]. Hence, by Carathéodory’s Theorem
(Rockafellar, 1970, Thm. 17.1), there are signals 69,...,6° , € [0,1] and weights
ALy Anrr > 0 with 2" A\ =1, such that

n+1

u; = Z Amti; (67,

m=1

for all + € N. Hence, we may replace the public randomization device at stage

t = 0, without affecting expected payoffs or the SPE property, by an autonomous
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device sending public messages (i.e., identical private messages) from the finite set
M = {1,...,n+ 1}, where the probability of message m is \,,. Applying the same
reduction iteratively for any subgame starting at stage t = 1,2, ..., we can construct,
for any horizon 7' > 1, an infinitely repeated game G* where the public randomization
device has been replaced by a finite device. Consider now the limit game G*°, in which
this replacement has been done at all stages, and the corresponding limit strategy
profile. We need to check that no player has an incentive to deviate. By the one-
stage-deviation principle (see part (i) above), it suffices to check deviations at a single
stage. But the respective continuation payoffs resulting from equilibrium play and
deviation in G* are identical to the corresponding continuation payoffs in G*, for T'

sufficiently large. Therefore, a deviation is not profitable, proving the claim.

(iii) Let a* € A(A) be a correlated equilibrium in G. Then, there exists a collection of
message spaces My, ..., M,, a probability distribution y* on M = M; x ... x M, and
a message-dependent mixed action o (m;) for each player i € N such that player i’s
expected payoff conditional on m, is maximized by adhering to «. Define an MSPE
(u,0,p) as follows. Let u(- | h) = pu*(+) for any h € H. For any i € N and h € H,
define beliefs and actions as follows. For messages m; € M; such that p;(m; | h) > 0,
define B;(- | h,m;) by Bayes rule, and let o;(- | h,m;) = (- | m;). For messages m;
such that p;(m; | h) = 0, select a message m;, with u;(m} | h) > 0 and define G;(- |
h,m;) = Bi(+ | hym}) and o;(- | h,m;) = af(- | m}). Then, sequential rationality for
player ¢ at any information set (h', m!) follows directly from the optimality condition

for player 7 in the correlated equilibrium o*.

(iv) See the paragraph following the statement of the lemma. O
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A.2 Proof of Theorem 1

Take any MSPE (u,0,3). As outlined in the body of the paper, we construct an

outcome-equivalent canonical MSPE (ji, 6, 8) in three steps.

Step 1. Delegating randomization to the device. Let M; = M; x A;, with typical
element m; = (m;, a;), so that a; is the action recommended to player i, to be distin-
guished from a;, the action actually chosen by player i. We denote the corresponding

set of histories by H, with typical element
h=h= (m%,a%...;mt et h,

where t € {0,1,...}. In the sequel, we will make tacit use of the natural projection
from H onto H, which yields a history h = (m°a%...;m!"! a""1) in the original
MSPE for any h. Define the device i : H — A(M) by
(| h) = u(m|h) - [T oua | h,ma).
ieN

Intuitively, i mimics the players’ randomization in the original MSPE. Conditional on
h, the recommendation a; is made by the augmented device with the probability that
this action is chosen in the original MSPE. Moreover, the augmented device does not
condition on the profiles of actions recommended by m, which means that it “over-
looks” disobedient pure-strategy choices in earlier periods that are not categorized as
deviations in the original MSPE (because they are consistent with the randomized
actions foreseen in equilibrium play). The corresponding set of player ¢’s information
sets is I; = H x M;. We define player i’s behavior strategy &, : I; — A(A;) as follows.

There are two cases:

(Case A) Suppose first that (h, ;) € I; satisfies o4(d; | h, m;) > 0, i.e., the action a;
is used with positive probability at the information set (h,m;) in the original MSPE.

Then, we require that &;(h, m;) € A(A;) puts all weight on a;.
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(Case B) Suppose next that o;(a; | h,m;) = 0, i.e., the action a; is never used at
the information set (h,m;) in the original MSPE. Then, we choose some action
a¥ € supp(oi(- | h,m;)) and require that &;(h, ;) puts all weight on a¥. Thus,
0; reflects obedience at the information set (71, m;) if the action a; recommended by [i
(potentially by a tremble) is consistent with equilibrium play at (h, m;), and otherwise
specifies a pure action afﬁ to which o; assigns positive probability at (h, m;). To define
beliefs, fix some information set (%, 7i2;). Then, the belief B;(h, ;) € A(M_; x A_;) is
derived from fi(- | h) via Bayes’ rule if ji;(r; | h) > 0, and arbitrarily otherwise. By
construction, at each stage ¢, the pair (m',a') is drawn according to the same joint

distribution as under (p, o), hence the infinite sequence of action profiles (a');>o has

the same law in (ji,, 5) as in the original MSPE and Uy(¢) = U;(o) for all i.

It remains to check sequential rationality. Fix ¢ and an information set (ﬁ,mi),
where m; = (m;, a;), and @; is the action recommended for player ¢ at history h. By
sequential rationality in the original MSPE and obedience of 7;, player i attains the
maximal continuation payoff by being obedient if a; € supp(o;(- | b, m;)). If, however,

a; ¢ supp(o;(- | h,m;)), then the maximal continuation payoff is obtained if player

i chooses a¥ € supp(o;(- | h,m;)), as specified above. This establishes sequential
rationality of . Hence ([L,&,B) is an MSPE, outcome-equivalent to (u,o,3). We
may therefore assume w.l.o.g. that messages are of the form m; = (m;, a;) and that

player i chooses a; if fi;(7; | k) > 0.3

Step 2 and 3. Dropping the uninformative parts from players’ messages, and making

32Thus, writing m_; = (m_;,a_;), we have
Bi(rii | hyii) = Bi(m_i | hyms) [ oy | homy).
J#i

33By construction, players are obedient even if ji;(17; | ) = 0 provided that a; € supp(o;(- | k,m;)),
but we will not make use of this fact in the sequel.
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internal messages obsolete.>* For the outcome-equivalent MSPE (1, 7, B) constructed
in the previous stage, we have M; = M; x A;, where &i(ﬁ, m;) puts all weight on a; if
the augmented message m; = (m;, G;) is sent by & with positive probability at h. To
define an outcome-equivalent canonical MSPE (i, &, B), let M; = A, for all i € N ,

and let H denote the corresponding set of histories, with typical element

where a",a” € A, for 7 = 0,1,...t — 1. Take some fz, and put yourself into the

~

mediator’s shoes at stage ¢ who needs to determine ji(h) € A(A). The mediator
speculates over the sequence (m?, ..., m!~!) consistent with the observed recommen-
dation history h, or equivalently, over the history h = (m°,a%...;mt* at™1) € H,

with m™ = (m7,a"), in the MSPE (j,6, 3) that canonically reduces to k.3 The

(unnormalized) likelihood of h conditional on h is defined recursively as
q<il | }Al) = a(m®| @) - a(m' | Bl) (Y ﬁt—1)7

where h™ = (%, a%... ;M7 ,a”) € H are the histories in the MSPE (j1, 4, ) that
arise from truncating h at stage 7 € {1,2,...,t —1}.36 For any h € H that does
not canonically reduce to h, let g(h|h) = 0. The mediator can now be in one of two

situations:

(Case A’) Suppose first that q(h|h) vanishes for all k € H that canonically reduce
to h. Intuitively, this means that the mediator realizes at stage ¢ that at least one of

her former selves has trembled. We will assume that the mediator then implements

~

some correlated equilibrium o* € A(A) of the stage game. Formally, fi(h) = o* if

Sher a(h|h) =0.

34The two steps are merged because the Step 2 produces a construct that is not a MSPE (because
the device conditions its recommendations on confidential messages from former selves).

35Thus, there is another natural projection, this time from H onto H.
36For t = 0, let q(h° | h°) = 1.
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(Case B') Suppose next that g(h|h) > 0 for at least one h € H that canonically
reduces to h. Then, to determine the probability of a specific recommendation a €
A at stage t, the mediator randomly draws one of such h e H according to the
conditional probability distribution ¢(- | )/ Yieit (R | h). Thus, the probability that

a 1s chosen in this case is

A(A “Al) - ZEGHQ(BHAI) Zme ﬂ
' i Sieaalh|h

where the denominator is positive under the present conditions.

S

Players’ information sets are I; = H x A;, i.e., they know less than before (Forges,
1986). Next, we define a system of beliefs 3 and a profile of behavior strategies &.
Fix some player ¢+ € N, a history heH , and a recommendation a; € A;. Again, we

distinguish two cases:

(Case A”) Suppose first that, for player i, the recommendation a; is on-path con-
ditional on the history h. Formally, this is the case if fi;(@; |h) > 0. Then, player
7’s belief Bl(fz, a;) € A(A_;) conditional on a; may be derived via Bayes’s rule from
fi(- | h). Moreover, we require obedience, i.c., 6;(h,d;) € A(A;) assigns probability
one to a;. To see that &i(ﬁ, a;) is sequentially rational, distinguish two subcases. If
Y hel q(h | h) > 0, then at the information set (h, @;) the continuation problem is a
mixture of continuation problems (ﬁ, (m;,a;)) in the MSPE (g, 7, 5), and obedience
is optimal in each such continuation problem. Hence obedience remains optimal after
averaging. If instead ) ;g q(h | k) = 0, then obedience is optimal because o is a
correlated equilibrium of the stage game and the mediator continues to implement o*

thereafter.

(Case B”) Suppose next that for player i, the recommendation a; is off-path condi-

tional on the history h, i.e., fi;(4;|h) = 0. In this case, player i realizes that the
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device has trembled at the current stage ¢.37 In this case, we interpret the unex-
pected recommendation a; as a tremble of the device at stage t. Choose any action
a¥ € A; such that a7 (a¥) > 0, and define player i’s belief at (h, a;) by Bi(a_; | h, ;) =

ar(a¥ a_;)/ar(a?), for all a_; € A_;. Finally, require that 6;(h, a;) € A(4;) assigns
#

probability one to af Since a* is a correlated equilibrium of the stage game, a/” is a
best reply to the conditional distribution (- | a*), and hence 6;(h, a;) is sequentially
rational at (h,d;). Moreover, since fi;(4; | h) = 0, any extension history A" that
records the off-path recommendation a; cannot be canonically reduced from any h
with positive weight, i.e.,

> q(h | AT =0,

heH

Hence, by Case A’, the device sets /l(fbt“) = ¥, and the same holds at all subsequent
histories (since any further extension still has zero total g-weight). Moreover, from
stage t + 1 onward the mediator implements o*, and this continuation is independent
of player i’s stage-t action once the off-path recommendation has occurred. Therefore,
sequential rationality at (fz, a;) reduces to a one-shot best-reply condition, which holds

by the correlated-equilibrium property of a*.

~

Summing up, (f,d, ) is a canonical MSPE, outcome-equivalent to (u, o, 3) . O

A.3 Proof of Lemma 2

Only the non-bracketed claim requires a proof. At any stage t, player i, after ob-
serving her message m;, can correctly anticipate the correlated action profile of her
opponents, allowing her to ensure a stage payoff of at least v{°*. Therefore, the

expected discounted payoff for player ¢ in any MSPE is at least vfor O

3 .

3"Note that the original MSPE does not necessarily suggest a belief for this situation (either
because there are no unused messages conditional on h, or there are several such messages and the
corresponding beliefs f3;(h, a;) differ).
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A.4 Proof of Lemma 3

(i) As noted before, the inequality v}** < wi™ is obvious. To prove v{* < W, we

7 )

first remark that, since ~ is reflexive,

a;€A; JEN a;€A;

E,, | max ]Ea[ui(di,a_mai]} < max E,, [max Eolui(aj,a_;)| as]| ,
s.t. j~i

for any o € A(A). Taking the minimum over all &« € A(A) on both sides yields

aglAi&) Eai [g?eaji Ea[Ui<€Li, a,i)] al]:| < wicor.

Since the maximum depends on the conditional distribution over a_; only,

o B [y B0
= min max ]Ea_i [uz(&la G_i)]

i €EA(X;; Aj) Gi€A;

cor

= UZ

The claim follows. This proves the horizontal inequalities. As for the vertical in-
equalities, v$°" < v} is again obvious. To prove that w§°® < wi™, note that for any

product distribution a € X, _ A(Ag),
Eolui(aj, a—;)| a;] = Ba_; [ui(a;, a—;)],

because a_; is independent of a;. Therefore,

cor : ~
w:°" = min max [E, |max E,|u;(a;,a_;)|a;
P i e B | Bl of
s.t. gt
< min max E, |max E,_ [u;(a;,a_;)]
T aeXpen AlAy)  jEN I laeA; I
s.t. j~i
=  min max max E,  [wi(a;,a_;)]
aexkEN A(Ak) jEN . a,jEAj J
s.t. g1
= w?"nd

7 )
which proves the claim.
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(ii) If G satisfies NEU, player i’s equivalence class is a singleton. Hence,

wi™ = min  max max E,_ [u;(d;, a_;)]
aEX e N A(Ag) jGN ) a;€EA;
s.t. g~i
= min  max E, [u;(G;,a_;)]
aexkEN A(Ak) a;,€A;
= ’U:.i'nd

7

Hence, v} = w}™, as claimed. Similarly,

7

wi® = min  max E,, |max Eq[u;(a;,a_;) |a;
acA(A)  JEN a;€EA;
s.t. i

= aglAi(I}q) Eai |:£fl€a,ji ]Ea[ui(di,a_i) |(lz]}
cor

:UZ s

where the last equality has been shown in part (i). Hence, v$°* = w$°*, proving this
part of the lemma.
(iii) For n = 2, v}™ = 0T is obvious. We claim that w/*® = wf°*. By part (i), it

suffices to show wg°* > wi. Note that
Eo, | max Bolui(dj,a—) | aj]| = max B, [Balui(a;,a-) | ]

= g]ngfj Ea—j [ui(dj7 a*j)L

for any o € A(A) and any j € N. Taking first the maximum over all j € N such

that j ~ ¢ and, subsequently, the minimum over all « € A(A) on both sides yields

w:®® >  min max maanfj[ui(&j,afj)]-
a€A(A) JEN ;€4
s.t. jrvi

But, since n = 2, a_; is just a mixed action, so that the RHS equals

min max max B, [u;(aj,a_;)] = w™
(a1,02)EA(A1)XA(A2) JEN fl,jEAj
s.t. g~

This proves the last part and, hence, the lemma. U
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A.5 Proof of Theorem 2
The following lemma prepares the proof of the theorem.

Lemma A.1. The mapping

a > Eo, |max E, [ui(a;,a—;) |ai

a;€A;

is continuous on A(A).

Proof. Let pr(a; | @) denote the marginal probability of a; given o« € A(A). Similarly,

let pr(a;,a_; | a) denote the probability of (a;,a_;) given o € A(A). Then,

Eo, [max Eq (@i, a—;) ‘al]l

&»;EAZ
B ' pr( az,a_z|a) .
= ZE; pr(a; | @) gleaj( Z - —————u;(Gi,a;)
a; €A; i

s.t. pr(a; | a)>0

— Z max Z pr(a;, a_; | @)u;(a;, a_;), (A1)

because pr(a; | o) = 0 implies pr(a;, a_; |a) = 0 for all a_;. Since the maxima on the

RHS of equation (A.1) are continuous as functions of «, this proves the lemma. [

To prove the theorem, let (u,0,3) be an MSPE. By Theorem 1, we may assume
w.l.o.g. that M; = A;, for any ¢ € N, and that ¢* corresponds to obedient execution
of any recommendation expected with positive probability. Then, in stage t = 0,
message profiles are drawn from A according to the probability distribution p° =
(@) € A(A). For any recommended action a) € A; for player i, let %, € A(A)
denote the conditional distribution of u® on A_; given a? € A;. Then, by player i’s
optimality condition at her information set corresponding to the recommended action

m{ = a at stage t = 0, player i’s expected continuation payoff satisfies

Ui(o | ho,m?) > (1-=19) max [E o [ui(di, a_;) | a?] +0L;,

a;€A;
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where L; denotes the infimum over the set of expected discounted payoffs for player
i resulting from any MSPE. We observe that L; is finite because an MSPE exists by
Lemma 1. Because the repeated game is stationary, the continuation at any stage t
induces an MSPE in the subgame, so that any continuation payoff is at least L;. Let
1Y € A(A;) denote the marginal distribution of u° on A;. Taking expectations over
a? according to u shows that i’s expected discounted payoff resulting from (p, o, 3)

satisfies

Eo [Ui] > (1 =0)E,0 [maxE,o [uz(al, )| ai]| +6L;.

Hi laeA, M-
Consider now a sequence {e”}22, of MSPE with player ¢’s equilibrium payoff converg-
ing to L;. Without loss of generality, we replace {e”}>°, by a subsequence such that
the corresponding sequence of %" € A(A) converges as well. Then, we may replace
(1,0, 8) by e” in the above derivation. Taking the limit ¥ — oo and subsequently

rearranging yields, in view of Lemma A.1,

Li > Ey glea}]EHg [ui(ai, a;)| af]

Let j € N such that j ~i. Then, u; = ¢j; - u; + dj; for constants ¢;; > 0 and dj; € R.

In particular, as the above inequality holds analogously for L,

Li = Cij . Lj -+ dij

> E,o {maXE 0 [ui(&j,aj)mg}] :

J |aj;eA J

It follows that

L;> max B0 [geach 0 [ui(a;,a_;) |af ]} :
s.t. j~i

Recalling that u® € A(A) is just one correlated action profile shows that indeed
L; > wi°*, proving the non-bracketed claim. The bracketed claim is due to Wen

(1994, Thm. 1). This completes the proof. O
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A.6 Proof of Theorem 3

We prepare the proof with two lemmas.

Lemma A.2. Let v € V' such that v; > wi°* for alli € N. Then, there exist payoff

vectors v, ... v" € V that satisfy:

(i) v > ws™ for alli € N;

i

(ii) vi < w; for alli € N;

)

(iii) vi < v! for alli,j € N such that i o j.

)

Proof. Select one player ¢ from each equivalence class and denote the set of selected
players as N’ C N. Consider the modified game G’ in which equivalent players
collude, i.e., the set of players is N/, the action sets of player i € N’ is A} = ij' Aj,
and the payoff function of player i € N’ is the same as in G. Note that NEU holds
for G'. Moreover, given that v; > w$°*, no player i € N’ is indifferent over all action
profiles in G’. Therefore, by Abreu et al. (1994, Lem. 1 and 2), there exist vectors
{v/}ier that satisfy v/* < v/ for all i,j € N’ such that j # i. Let now v; = v/,
where i € N’ such that ' ~ i. Now, following Abreu et al. (1994, p. 942), let
a™™ € arg min,e 4 u;(a) denote an action profile that minimizes player i’s payoff in G.
Define

z' = e(1 —n)u(a™™) + nev’ + (1 — &),

where € > 0 and 7 > 0 are constants independent of i. Recall that v; > w{°". Hence,
for ¢ > 0 small enough, condition (i) is satisfied. Next, for n > 0 small enough,
condition (ii) is satisfied. Finally, since both ¢ > 0 and n > 0, condition (iii) holds

true as well. O
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Lemma A.3. Let w® € A(A) be an effective correlated minimaz profile against player

1 € N. Then,

k3 —1 ?

E,i {max Ei [wi(a;,a_;)| ai]} < weer.
a; €A
Proof. By the reflexivity of equivalence and the definition of w?,

E,: |maxE,; [ui(di,a_iﬂai]} < max E, {max E,i [wi(a;,a_;) |a;]

tla€A; —t JEN 7 Laj€A; -7
s.t. gt
= w;°".
This proves the lemma. O]

After these preparations, we adopt the normalization that w{°* = 0 for all « € N.
Take a feasible payoff vector v = (v, v9,...,v,) € V, such that v; > 0. Choose some
distribution & € A(A) such that E4fu;(a)] = v; for all i € N. Let w' € A(A) be an
effective correlated minimax distribution against (the equivalence class of) player i.
Finally, let o' € A(A) be a correlated action profile that implements the v* identified
in Lemma A.2 above. For a given discount factor § € (0,1) and positive integer T,

consider the following candidate MSPE.

Phase A. If, in any prior stage, all players have been obedient, then the mediator
recommends playing &.38
Phase B. If, in some prior stage, precisely one player has been disobedient, player

i has been the last such deviator, and this happened at most T stages before, then
the mediator recommends playing w’.
Phase C. If, in any prior stage, precisely one player has been disobedient, player

¢ has been the last such deviator, and this happened more than T stage before, then

the mediator recommends playing o

38 As usual, histories reflecting deviations by two or more players can be ignored in the analysis
because they cannot be reached by a unilateral deviation.
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By Lemma A.3 above, player i cannot receive a stage payoff strictly larger than
wg* = 0 by deviating from w’. Therefore, T may be chosen sufficiently large so that
a one-stage deviation benefit of any kind is strictly smaller than T - u;(a’) for all

i € N. Then u;(a?) > u;(a’) > 0 for i ¢ j implies that there exists § < 1 such that

the following inequalities hold for all § € (4, 1),
o (1—0")u+ 6"u;(a?) > u;i(a?) for all i £ j;
o (1—0)u+ 6" (o) < wui(al) for all i € N,

where @ and u are the maximum and the minimum payoff to a player in the game
G, respectively. Following the steps of the proof in Wen (1994), one may now show
that p is an MSPE for 6 € (0, 1) sufficiently close to one. Indeed, player ¢ will not
deviate from & nor from o’ for all j. If player i deviates, her payoff is at most
(1—06)u+ 6" u;(a?), which is less than u;(a’), and hence less than or equal to u;(&)
and wu;(a’) for all j. Therefore, the proposed strategy profile is an MSPE with average
equilibrium payoff v. This proves the non-bracketed claim. The bracketed claim is

Wen (1994, Thm. 2). O

A.7 Proof of Corollary 2

If G satisfies NEU, then the claim follows directly from Lemma 3 and Theorem 3.
If, however, G does not satisfy NEU, then there exist scalars ¢, d such that d > 0
and ui(a) = ¢+ dug(a) for all @ € A. The following proof follows Wen (1994). Let
o = (af,ab) € A(A;) x A(Ay) be a minimax action profile against player i, i.e.,

ui (') = Egilui(a)] = v Let v = (v, v7) be feasible with v; > vi* = u;(a’). Note

that v; = ¢ + dvg > ¢ + dug(a®) = ui(a?). Therefore, v; > max {u;(a'), u;(a?)} and

{ (v1,v9)|v; > v} = { (v1,v9)| v; > max {u;(a'),u; ()} }.
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Consider the mutual minimax action profile o* = (a?, ad). By the definition of w}™?,

we have

ind
wi™ < max max E, o+ [ui(a;,a_j)]
b T el agea(ay) T

= nax {alglf(}f(h) Ecu,a% [ui(ah a?)]? agIen&a(}j}g) EO&%»O@ [ui(ala a?)] }

=max {u;(a'), u;(?) }
WLOG, assume that ui(a') > ui(a?).?® From Lemma 3, we have
wi™ > o™ = max {u(a'), u1(a?)}
When there are two players and they have equivalent utilities,

w;:or _ w;’.nd Z max {ui(al),ui(CVQ)} :

Then, wi*® = max {u;(a'), u;(a?)}. Hence,
{(v1,02)| v; > Uiind} = {(v1,v2)| v; > WS
and the claim follows from Theorem 3.0 U

A.8 Proof of Lemma 4(i)

Take some distribution o € A(A) induced by the mediator. Let pg,a,q45 € [0, 1] denote
the corresponding probability that the triple (ai, as,a3) € A is chosen. Then,

Z Z Z Paiasas = 1. (A2)

a1€A1 a2€A2 a3€A3

We use pr{a; = F} to denote the marginal probability of player 1 receiving the

recommendation to choose F, ie. pr{ay = F} =3 .\ > 4 DFayas- Analogous

390therwise, we have uz(a?) > uz(a') and wi™ = max {us(at), uz(a?)}.

40Here comes an alternative proof. For n = 2, we have v$°* = v} from Lemma 3. Moreover, by
Fudenberg and Maskin (1986, Thm. 1), v is implementable as a subgame perfect equilibrium with
public randomization and observable mixed actions for any § sufficiently close to one. As any payoff

vector resulting from such equilibrium can be implemented by an MSPE, the claim follows.
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notation will be used for players 2 and 3, as well as for action S. For each player ¢,
when recommended action a; by the mediator, ¢ forms a conditional expectation about
actions taken by others when they follow the recommendations from the mediator.
Since players only obtain nonzero payoff when they coordinate on either F or S,
we can focus on the probability of coordination. For example, when recommended

to choose a; = F, player 1 infers that player 2 and player 3 coordinate on F with

probability prg:F}, and on S with probability prf;lS:SF}. Player 1 optimizes by taking

dl < A1 = {F, S}, i.e.

PFFF DPFss
pr{a; = F} pr{a; =F}"

max E,[ui(ai,a-1)] a1 = F] = max{
a1€4,

Similarly, when a; = S, we have

A PSFF Psss
E. y U— =8| = ) .
[gleaj(l [ul (al a 1)| ay ] max{ pr{a1 — S} pr{a1 — S}

Taking the expectation over a; yields

Eo, | max E,[ui(ar,a—1)| a1
CL1€A1

= pr{a; = F} max E,[ui(a1,a_1)]a; = F]

al €A1

+ pr{a; = S} max E,[ui(dr,a_1)|a; =S],

al EAl

or equivalently,

Eq, max Eo[u1(d1,a-1)] a1]| = max{prrr, prss} + max{psrr, psss}-
ai 1

This relationship holds even if pr{a; = F} = 0 or pr{a; = S} =0, i.e., if conditional
probabilities are not well-defined. Moreover, the same formula extends analogously

to players 2 and 3. Hence, given that all players are in the same equivalence class,

d(a) = I}le%'( Eq, g?eaé Enlui(a;,a_;)| aj]
s.t. gt
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max{prrr, Prss } + max{psrr, Psss},
=max { max{prrF, PsFs} + max{prsr, Psss}, ¢ - (A.3)
max{prrF, PssF | + Max{prrs, Psss

cor
7

Recall that player i’s effective correlated minimax value wg°* is the minimum of ®(«)

by choice of & = {Pa, ay a3 bare Ay .aseAs.aseas Subject to (A.2). Note further that the
RHS of (A.3) is symmetric both with respect to arbitrary permutations of the set of
players and with respect to a simultaneous swap of F and S in all three action spaces.
Therefore, starting from any solution «, we obtain a potentially new solution a™X
for any permutation 7 of the player set N = {1,2,3} and any permutation y of the
common action set A; = As = As. Note, finally, that the RHS of (A.3) is a convex

function of a. Hence, the set of minima is convex. In particular,

1 s
N — sX
&= 192 Z Z o
T X
is a doubly symmetric solution, whose corresponding probabilities p, ,,,., satisfy
PrFF = Dsss
Prrs = PrsF — PsFF = Prss = PsFs = DPssF-
But then, ®(@) = 2max{Ppgpg, Prss}, which indeed has 1 as its minimum. O
A.9 Proof of Lemma 4(ii)
We start with the following auxiliary result.

Lemma A.4. Let r > 0. Then, the following holds true for G*(r).

T .

(i) wi™ = G

(i) if r € (0,1), then w** = =,

(it) if r > 1, then wi** = 305
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Proof. (i) Suppose that players 1, 2, and 3, choose action F with respective probabil-
ities © = oy (F),y = az(F), and z = a3(F). Then, player 1’s expected payoff, if best
responding, is

u(y, z) = max{yzr, (1 —y)(1 — 2)}. (A.4)
Analogous relationships hold for players 2 and 3. Thus, the “most fortunate deviator”

can ensure an expected payoff of
U(z,y,z) = max{u(y, z),u(z, 2),u(z, y)}. (A.5)
Combining equations (A.4) and (A.5) yields

Ulz,y, z)

lﬁaX{fyﬁ(l‘_ )(
= max{ max{yzr, (1 —y)(
max{zzr, (1 —

1
= max{zyr,yzr, zer, (1 — z

Since U (z,y, z) is symmetric with respect to arbitrary permutations of the variables z,
y, and z, we may assume without loss of generality that the triple (z,y, z) minimizing

U(x,y, z) satisfies x > y > z. But then, zy > max{yz, zz} and

(1=y)(1—2) Zmax{(l-=z)(1—-y),(1-2)(1-=2)}
Therefore,

min  U(x,y,z

r2Yy>z
= min max{xyr, (1 —y)(1—2)}.
(@y,2)€[0.1]*

T2Y>2

Moreover, given that xyr is monotone increasing in z, and (1 — y)(1 — z) does not

depend on z, we may assume w.l.o.g. that x = y. For similar reasons, we may assume
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w.l.o.g. that y = z. Hence,

w™ = min max{y’r, (1 —y)*}.
ye(0,1]

One notes that y?r is strictly increasing in y, while (1 — y)? is strictly declining in y.

The minimum is, therefore, obtained at z =y = z = 1/(y/r + 1). The claim follows.

(ii) Take some distribution o € A(A). In analogy to the derivation in the proof of

Lemma 4, one shows that

d(a) = rjnee}\)lc Eaj g?eaji ]Ea[uz‘(dj7a—j)|aj]
s.t. gt

max{7rprrr, prss } + max{rpsrr, psss},
= max { max{7rprrr, Psrs} + max{rprsr, psss}, ; - (A.6)
max{7prrr, Pssr | + max{rprrs, psss}

Then, player i’s effective correlated minimax value is given as w§°" = minaea(a) ().

The RHS of (A.6) is symmetric with respect to arbitrary permutations of the set

L' Therefore, starting from any solution «, we obtain a potentially new

of players.*
solution o™ for any permutation 7 of the player set I = {1,2,3}. Note, finally, that
the RHS of (A.6) is a convex function of or. Hence, the set of minima is convex. In

particular,

_ 1 .
o = 6 ; (0]
is a symmetric solution, whose corresponding probabilities p, .., satisfy conditions

Drrs = PrsF = Ds¥rF = 1
Drss = DPs¥s = PssF = (-
Similarly, let gy = Pppp and g3 = Pggg. Then,

cor ___ : _ ]
Wi = ozgg(l}‘l) (I)(CY) B tI0+3q1IJ{131£+q3=1{maX{rqo’ q2} + max{rql, (]3}}'
40,91,92,93€[0,1]

41Gince r # 1, however, there is no symmetry with respect to a swap of F and S.
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At the minimum, we must have rqy = ¢ and rq; = ¢3. Otherwise, equalizing r¢qy and

g2 or rq; and g3 lowers the objective function. Hence,

If r € (0,1), then we have wi** = I at go = 0 and ¢3 = #
(iif) Similarly, if r > 1, then w{*" = 325 at gy = ﬁ and gz = 0. This proves the
lemma. O]

After these preparations, we can now prove Lemma 4(ii). Suppose first that » € (0, 1).

ind
7

From Lemma A.4, we have w;* > wf°* if and only if

r LT
(1++r)2 " 3+r

Rearranging, this inequality is seen to be equivalent to r < 1. The case where r > 1 is

ind
7

analogous and, therefore, omitted. Hence, w}™® > w$°", unless » = 1. The inequality

cor
K

cor
K3

ws > v is immediate from vf°* = 0 and part (i). This proves the lemma. U
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